Abstract. Here we survey on the growth of systoles of arithmetic locally symmetric spaces under the congruence covering and give simple proofs for the best possible constants of Gromov for several important classes of symmetric spaces.
Introduction
A systole sys 1 (M ) of a Riemannian manifold M is the smallest length of closed geodesics in M . It captures certain aspect of geometry of M . For example, Margulis conjectured that there exists a uniform lower bound of systoles for arithmetic locally symmetric manifolds of finite volume. This conjecture has been supported by several cases. For example, the systole grows under the covering map, which was demonstrated, not long ago by Buser and Sarnak in [1] , where they constructed examples of congruence coverings of an arithmetic hyperbolic surface whose systole grows logarithmically with respect to the area:
where c is a constant independent of S. In 1996, Gromov [5, Sec. 3.C.6] showed that for any regular congruence covering M I of a compact arithmetic locally symmetric space M , there exists a constant C > 0 so that
where d is independent of M I . Nonetheless, an explicit value for the constant C is unkown. The purpose of this short paper is to provide the best possible constant C for some locally symmetric spaces. We call C a Gromov constant. Our method is extremely simple in the sense that the techniques only use length-trace inequality, norm of a prime ideal in algebraic integers of a totally real number field, and the size of a group over finite field. Especially we will use the following table throughout the paper. 
For a given arithmetic lattice Γ = G(O F ) defined over totally real number field F , we will consider the congruence coverings corresponding to prime ideals I ⊂ O F , i.e.
via suitable embedding of G into some linear group. Denote the corresponding cover of M by M I . We will estimate C in the inequality
where c is independent of I ⊂ O F .
Theorem 0.1. C depends on the type of G. In the last section, we deal with the uniform lower bound for systoles of nonuniform arithmetic complex hyperbolic lattices using complex Salem number.
1. Real rank one case 1.1. Real and Quaternionic hyperbolic space. For arithmetic lattices of the first type in real hyperbolic case, Murillo [9] proved that
For quaternionic hyperbolic lattice, Emery-Kim-Murillo [2] proved
We give a systole growth inequality for real hyperbolic cases which have not been covered yet. Let F be a totally real number field and O F the ring of integers of F . Let a 1 , · · · , a n ∈ O F such that a i > 0 for all i, but σ(a j ) < 0 for any Galois
is an arithmetic lattice of G. Even though this construction is exhaustive when n is even, for n odd, we need another construction using quaternion algebra.
Let H a,b
F be a quaternion algebra over F . Set
Let a and b are nonzero real numbers such that either a or b is positive and x is an invertible element of H a,b 
is an arithmetic lattice of G where O is an order of H a,b F . For details, see [8] . As a vector space over F , (H a,b F ) m is isomorphic to F 4m , and hence one
A hyperbolic isometry in SO(1, n) can be conjugate to a form
For any A = (a ij ) ∈ Γ(I) for a prime ideal I ⊂ O F , where
a ii = 1 + c i with c i ∈ I, and since G σ is compact for any Galois embedding σ = id of F ,
where f is a degree of F over Q. Then
Then we get
where c is independent of I ⊂ O K . But G = SO(1, n = 2m − 1) is of type 2 D m , hence accroding to the Table 1 |G
for an arithmetic real hyperbolic manifold of dimension n = 2m − 1 ≥ 7
Note that for real hyperbolic manifold of dimension n = 2m ≥ 4, it is of type B m , and
Hence
In any case, the constant is half of the one given by Murillo.
1.2. Complex hyperbolic space.
1.2.1. Arithmetic lattices in SU (n, 1). Let Γ ⊂ SU (n, 1), n > 1 be an arithmetic lattice of the first type defined over a totally real number field K with a totally complex quadratic extension field l such that Γ is commensurable to SU (h)(O l ) where h is a non-degenerate admissible Hermitian form over V = l n+1 of signature (n, 1). By a proper embedding of SU (h) in GL N for large N , we can assume that an element in
It suffices to take N = 2n + 2 as we can see below.
Another way to describe an arithmetic lattice of the first type defined over K is as follows. Let h be a Hermitian form over l with coefficient matrix
Using the restriction of scalars R l|K (G), G(l) corresponds to R l|K (G)(K), and we can ensure that U (h, l) sits inside GL(2n
The form h is admissible if it has signature (n, 1), and for any non-identity embedding σ : l → R, the Hermitian form h σ has signature n + 1. An arithmetic lattice of the second type is constructed as follows. Let L be a cyclic extension of l and choose embeddings λ j : L → C compatible with
For each λ i = λ 1 , one obtains a new algebra A λ i . Now take a unitary division algebra (A, * ) of degree n + 1 over l, with a Hermitian element h (i.e., h * = h) of signature (n, 1). Let x ⋆h = µ h • x * = hx * h and
If h is admissible, i.e. SU (h τ j ) is compact for j = 1, then
is a cocompact lattice in SU (n, 1) where O is an O l order in A. This arithmetic lattice is called of the second type. Even in this case, under the embedding
Finally we introduce the mixed type arithmetic lattices. Let (A, * ) be a unitary algebra over l of degree d. The simple l-algebra M (r, A) admits an involution of second kind given by * -transposition. If L is a splitting field for A, then
, and finally in M (2n + 2, O K ). For arithmetic lattices in complex hyperbolic space, refer to [7] .
Systole growth. If A ∈ SU (n, 1) is hyperbolic, it is conjugate to a matrix of the form
where U ∈ U (n−1), λ = β −1 with |λ| > 1 and the other eigenvalues λ 1 , · · · , λ n−1 all lie on the unit circle. The translation length of A is ℓ A = 2 log |λ|.
For any A = (a ij ) ∈ Γ(I) for any prime ideal I ⊂ O K , where
Hence | σ(c i )| ≤ 4n + 4. This impies
where f is a degree of K over Q. Then
Hence we obtain
where c is independent of I ⊂ O K . G = SU (n, 1) is of type 2 A n , hence
Finally we obtain for an arithmetic complex hyperbolic manifold
For an arithmetic lattice of the first type, more precise estimates in [2] goes through for this case, and one obtains
Arithmetic lattice in SL(n, R)
For a hyperbolic isometry A ∈ SL(n, R), the translation length of A satisfies
See [6] for a proof. Note here that the metric on SL(n, R)/SO(n) is normalized so that the natural totally geodesic embedding of SL(2, R)/SO(2) has the sectional curvature equal to −1.
Let L be a totally real quadratic extension of a totally real number field F of degree f over Q such that
Here SU (B, τ ; O D ) σ is compact for any nontrivial Galois embedding σ of F . Note that for any A ∈ Γ, the eigenvalues of A σ have norm 1, hence |trA σ | ≤ n. Suppose N (I) = |O F /I| is large for a prime ideal I ⊂ O F . Then for any A = (a ij ) ∈ Γ(I) where
a ii = 1 + c i for c i ∈ I and a ij ∈ I. Hence
This implies that
Finally we get
Hence we obtain for A ∈ Γ(I)
Since SL(n + 1, R) is of type A n , according to Table 1 |SL
Another way to construct an arithmetic lattice of SL(n, R) is as follows. Let D be a central division algebra of degree d over Q, such that D splits over R, and
. Then the same argument as above with F = Q goes through.
Since these two cases cover all types of arithmetic lattices in SL(n + 1, R), see [8] , previous arguments give: Theorem 2.1. The systol growth of arithmetic lattices in SL(n + 1, R) under the congruence cover is
Note that for n = 1, SL(2, R) is the isometry group of real hyperbolic plane, and the constant is 3 . To get the missing factor 2, we need a better estimate for the length-trace inequality to get N (I) 2 factor. This suggests that our constant is not optimal. On the other hand, the constant provided in [6] is cubic in n.
3. Uniform lower bound for systoles of nonuniform arithmetic manifolds in complex hyperbolic space
In this section we prove that Theorem 3.1. There exists a uniform lower bound for the length of closed geodesics in non-unform arithmetic lattices of SU (n, 1) for any n < N , once N is fixed.
First of all, we need a concept of complex Salem number. Here are some examples of minimal polynomials of complex Salem numbers.
Theorem 3.3. Let Γ ⊂ SU (n, 1) be a complex hyperbolic arithmetic lattice over K. Then for any hyperbolic isometry γ, the largest (in absolute value) eigenvalue is a complex Salem number.
Proof. Let γ ∈ Γ be a hyperbolic isometry, hence
for some m. Indeed, one can take N = 2n + 2. If p(z) is the characteristic polynomial of γ and p ′ (z) is the characteristic polynomial of γ m , then p ′ (z) is defined over O K since matrix in GL(N, O K ) has coefficients in O K . The roots of p ′ (z) are the mth powers of the roots of p(z). Since the coefficients of p ′ (z) are in O K , the roots of p ′ (z) are integral over O K . Since O K is integral over Z, the roots of p ′ (z) are integral over Z, i.e. algebraic integers. Since the set of algebraic integers in C are integrally closed, the roots of p(z) are algebraic integers. Hence its coefficients of p(z) are in O K . Furthermore γ is conjugate to a matrix of the form (1.2). Hence p(z) has a root λ = re iθ , r > 1,λ −1 , and all other roots on the unit circle. Let p(z) = p 1 (z) · · · p k (z) be a factorization into monic irreducible polynomials over O K such that p 1 (λ −1 ) = 0. Then one can show that λ,λ −1 are roots of p 1 (z) as follows.
Suppose not. Then the constant term wλ −1 of p 1 (z) is in O K where w is some unit complex number. Choose non-identity σ : K → R such that ±1 = σ(wλ −1 ) ∈ O σK . Then the absolute value of σ(wλ −1 ) cannot be 1. But this contradicts that σ(wλ −1 ) is a root of p σ (z) which is a characteristic polynomial of γ σ in a compact unitary group SU (h τ j , A⊗ l C) for some τ j : l → C.
Q] are embeddings of l into C and τ 1 = id and τ 2 =τ 1 is a complex conjugation, τ 2k =τ 2k−1 . Then τ 2k−1 |K : K → R are Galois embeddings of K into R. Note that p 1 (z)p
1 is a factor of p τ i (z) for i > 1. But since h τ i is unitary for i = 2k − 1 > 1, p τ i (z) must have roots all on the unit circle. This shows that p * 1 (z) has roots all on the unit circle except λ, λ −1 ,λ,λ −1 . If s(z) is an irreducible minimal polynomial over Z of λ, s(z) must divide p * 1 (z). If s(z) = p * 1 (z), then λ is a complex Salem number and s(z) is a Salem polynomial. Hence it suffices to show that p * 1 (z) is irreducible over Z. Suppose p * 1 (z) = s(z)h(z) for some monic polynomial h(z) over Z. For a root r of h(z), it is a root of p τ 1 (z) for some τ = τ j . Then p τ 1 (z) is a minimal polynomial of r over τ (K) since the same thing is true for p 1 (z) and any root of it. Hence p τ 1 divides h in τ (K) [z] . Applying τ −1 , since h τ −1 = h ( h is over Z), we see that p 1 divides h in K[z]. Hence λ is a root of h(z), but λ is a simple root of p * 1 (z). Hence s(z) = p * 1 (z). Note that the degree of λ over Q is ≤ 2(n + 1)[l : Q]. If Γ is non-uniform, then necessarily K = Q.
Since there are only finitely many monic polynomials of bounded degree with bounded Mahler measure [4] , the set of complex Salem numbers of bounded degree over Q has a least element. Consequently we have Corollary 3.4. If Γ ⊂ SU (n, 1) is a non-uniform arithmetic lattice, then the length of a closed geodesic is uniformly bounded below for any n ≤ N for a fixed N .
For real hyperbolic case, the above corollary is proved in [3] .
